Multiple MO-brane system in an arbitrary eleven dimensional supergravity background 
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The equations of motion of multiple MO-brane (multiple M-wave or mMO) system in an arbitrary 
D — 11 supergravity superspace, which generalize the Matrix model equations for the case of inter- 
action with a generic 11D supergravity background, are obtained in the frame of superembedding 
approach. We also derive the BPS equations for supersymmetric bosonic solutions of these mMO 
equations and show that the set of 1/2 BPS solutions contain a fuzzy sphere modeling M2 brane as 
well as that the Nahm equation appears as a particular case of the 1/4 BPS equations. 



Spain 



PACS numbers: 11.30.Pb, ll.25.-w, 04.65. +e, ll.10.Kk 



I. INTRODUCTION 

More than 15 years ago a concept of M-theory, hypo- 
thetical underlying theory unifying five consistent string 
models and eleven dimensional supergravity, appeared 
Since that time many interesting and important 
results were obtained including the unexpected applica- 
tions of the ideas and methods of String/M-theory, first 
to studying quantum gauge field theories [2|, including 
calculating viscosity of quark-gluon plasma [3| , and, then, 
to condensed matter physics, superfluidity and supercon- 
ductivity Q. 

However, the question on fundamental degrees of free- 
dom of M-theory still remains open. In several occasions 
it was expressed the opinion (see e.g. @) that the present 
indirect description of M-theory is the best what we can 
have. This is done in terms of its perturbative and low 
energy limits, given respectively by the five consistent 10 
dimensional string theories and eleven dimensional super- 
gravity, by chain of dualities relating these and by the set 
of supersymmetric extended objects, super-p-branes or, 
shorter, p-branes (strings for p = 1, membranes for p = 2 
etc.; p = corresponds to particles). In M-theoretical 
perspective the most interesting are ten dimensional fun- 
damental strings (also called Fl-branes) and Dirichlet 
p-branes (Dp-branes) and eleven dimensional M-branes, 
i.e. Mp-branes with p = 0, 2, 5 (see, however, Q for re- 
cent interest in lower dimensional branes). These can 
be described by supersymmetric solutions of D=10 and 
D=ll supergravity [7J, by the action functionals given 
by the integrals over their (p+ l)-dimensional world vol- 
umes W p+1 (worldvolume actions) f§-[Tll a nd also in the 
frame of superembedding approach [12h16| . This, follow- 
ing the so-called STV (Sorokin-Tkach-Volkov) approach 
to superparticles and superstrings [13, [l8| (see [l5[ for 
more references and [l9[ for a related studies), describes 
p-branes in terms of embedding of its worldvolume super- 
space (W (p+1|16) for 11D and type II 10D p-branes) into 
the target superspace (X^- ! 32 ) for D=ll and D=10 type 
II). 

As far as an effective description of multiple brane sys- 
tems is concerned, it was quickly appreciated that at 
very low energy the system of N nearly coincident Dp- 



branes (multiple Dp-brane or mDp system) is described 
by maximally supersymmetric d = (p + 1) dimensional 
U(N) Yang-Mills model (SYM model) [H. However, in 
the problem of constructing a complete (more complete) 
nonlinear supersymmetric action for multiple Dp-branes, 
posed in ninetieth [2111 . only a particular progress could 
be witnessed (see [221 ] for lower dimensional and lower co- 
dimensional branes as well as [H, HJ] and [25| discussed 
below). 

The so-called 'dielectric brane action' proposed by My- 
ers (26|, although widely accepted, is purely bosonic, is 
not Lorentz invariant and resisted the attempts of its 
straightforward Lorentz covariant and supersymmetric 
generalization all these years 1 . Recently developed by 
Howe, Lindstrom and Wulff boundary fermion approach 
[HI H3 provides a supersymmetric and covariant descrip- 
tion of Dirichlet branes, but on the 'pure classical' (or 
'minus one quantization') level in the sense that, to arrive 
at the description of multiple D-brane system in terms of 
the variables similar to the ones in the standard action for 
a single Dp-brane [H, [l(| (usually considered as a classi- 
cal or quasi-classical action) , one has to perform a quan- 
tization of the boundary fermion sector. The complete 
quantization of the model [H, [24| should produce not 
only worldvolume fields of multiple Dp-brane system but 
also bulk supergravity and higher stringy modes. The 
partial quantization of only the boundary fermion sector 
(applying the original prescription [27] of replacing the 
boundary fermion variables by gamma matrices of corre- 
sponding internal symmetry group) allowed Howe, Lind- 
strom and Wulff to reproduce the purely bosonic Myers 
action [26 |. b ut the Lorentz invariance was lost on this 
way. See |25l l2c| and recent [29| for more discussion on 
present status of the boundary fermion approach. Fi- 
nally, a (possibly approximate but going beyond U(N) 



This does not look so surprising if we recall that it was derived 
in 126] by a chain of dualities starting from the 10D non-Abelian 
DBI (Dirac— Born-Infeld) action with symmetric trace prescrip- 
tion |21| the supersymmetric generalization of which is also un- 
known. 
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SYM) superembedding description of mDjp-brane system 
was proposed and developed for mDO in [251 ] - 

The situation with the description of multiple M-brane 
systems was even more complicated: many years it was 
even unclear what model provides the description of mul- 
tiple M2 (mM2) system at very low energy. The expected 
properties of such a model playing for mM2 the same role 
as U (N) SYM for mDp were described in [3(| where also 
problems hampering the way to its construction were an- 
alyzed. In search for solution of these problem a new 
M = 8 supersymmetric d — 3 Chern-Simons plus matter 
model based on Filippov 3-algebra [3l| instead of Lie al- 
gebra (Bagger-Lambert-Gustavsson or BLG model) was 
constructed in 32]. However, presently the commonly 
accepted candidate for the low energy description of 
mM2 system is a more conventional SU(N) x SU(N) in- 
variant ABJM (Aharony-Bergman-Jafferis-Maldacena) 
model [33| , although this possesses only M = 6 manifest 
d = 3 supersymmetries. The search for nonlinear gen- 
eralization of the BLG model was resulted in a purely 
bosonic and Lorentz non-covariant action [3~ij generaliz- 
ing the Myers proposition for a multiple bosonic mem- 
brane case. The counterpart of Myers action for purely 
bosonic limit of multiple MO-brane system (also called 
multiple M-waves, mMO or multiple gravitons) was con- 
structed in [35j . 

Superembedding approach to the multiple MO-brane 
( mMO ) system was proposed in [28| . In it the relative mo- 
tion of mMO constituents is described by the maximally 
supersymmetric SU(N) gauge theory on w' 1 ! 16 ' super- 
space with one bosonic and sixteen fermionic directions, 
the embedding of which into the target 11D superspace 
vj(ii|32) j g S p ec ifi ec i by the superembedding equation (see 
Eq. (|3 . 3[) below). This latter produces, as its selfconsis- 
tency conditions, the dynamical equations of motion for 
the mMO center of energy degrees of freedom. 

This superembedding approach to mMO system pro- 
vides a covariant generalization of the Matrix model 
equations with manifest eleven dimensional Lorentz in- 
variance. In the light of that a single MO-brane is dual 
to the single DO-brane [l(| , the superembedding descrip- 
tion of multiple MO system, constructed and checked on 
consistency for the case of flat target 11D superspace in 
[28j . provides the restoration of 11D Lorentz invariance 
in the (originally ten dimensional) multiple DO brane sys- 
tem as it was described by the superembedding approach 
of[2^. 

The aim of the present paper is to derive the equations 
of motion for multiple MO system in a generic curved su- 
pergravity superspace in the frame of superembedding 
approach of [2g. These equations describe the mul- 
tiple MO interaction with the 11D supergravity fluxes 
and provide the covariant generalization of the Matrix 
model 37] for the case of arbitrary supergravity back- 
ground. The form of these equations has been briefly re- 
ported in (38j . where it was emphasized the universality 
of their structure: when written with indefinite coeffi- 
cients, these equations can be reproduced (up to vanish- 



ing of a few of the above coefficients) from requirement 
of £0(1, 1) <g> SO(9) invariance and very few data on the 
basic fields describing the relative motion of mMO con- 
stituents and on the fluxes which do interact with them. 

Here we give the details on the derivation of the mMO 
equations and perform a complete study of the consis- 
tency conditions for the superembedding approach. We 
show that these consistency conditions are obeyed due 
to the pull-back of the supergravity equations of mo- 
tion, namely of the specific projections of the pull-backs 
of the Rarita-Schwinger and the Einstein equations to 
Ha 1 ' 16 ). This provides a counterpart of the known fact 
that the D=ll and D=10 supergravity superspace con- 
straints, and hence the supergravity equations of motion, 
can be derived from the requirement of K-symmetry of 
the worldvolume action for a single M-brane and D-brane 
or fundamental string, respectively. 

We also use the superembedding approach to derive 
the BPS conditions for the supersymmetric pure bosonic 
solutions of the equations of motion. In particular, we 
present the explicit form of the 1/2 BPS conditions and 
show that it has a fuzzy two-sphere solution describing 
M2-brane as a 1/2 BPS configuration of the multiple MO 
system. We also show that the famous Nahm equation, 
which also has a fuzzy-two-sphere-related (fuzzy funnel) 
solution, appears as a particular case of the 1/4 BPS 
equation with vanishing four form flux. 

The paper is organized as follows. In Section II we 
present the necessary details on the superspace formu- 
lation of D=ll supergravity [H, H(| in the notation 
close to [4l|. Section III contains a brief review of su- 
perembedding approach in its application to a single MO 
brane, the equations of motion for this supersymmet- 
ric object and the description of the intrinsic and ex- 
trinsic geometry of the worldline superspace W^ 1 ' 16 ^ em- 
bedded in the curved supergravity superspace X^ 11 ! 32 ). 
Particularly, in section HIE we present some properties 
of the relevant projections of the pull-backs of target 
superspace 'fluxes' (which are 4-form field strength su- 
perfield F abc d = F^ abcd ^(Z), gravitino field strength su- 
perfield T ab a = T^ ab ^ a (Z) and Riemann tensor superfield 
R c a d b = R [ab ^ cd \Z)) to the worldvolume superspace, in- 
cluding the relation between them which follows from the 
Rarita-Schwinger and Einstein equations of the D = 11 
supergravity. In Section IV we formulate our proposal for 
the description of the multiple MO (mMO) system by the 
SU (N) connection on the d = 1 J\f = 16 worldline super- 
space W^ 16 '. This superspace, the embedding of which 
to I]( 11 l 32 ) is restricted by the superembedding equation, 
describes the center of energy motion of the mMO sys- 
tem, which we discuss in section IVA. In section IVB we 
present the constraints on the d = 1 Af = 16 SU(N) 
connection (Id 16A/" SYM supermultiplet) and, in sec- 
tion IVC, derive the dynamical equations of the relative 
motion of mMO constituents which follow from these con- 
straints. The BPS equations for supersymmetric bosonic 
solutions of the mMO equations of motion are presented 
in Sec. V where we also describe the 1/2 BPS fuzzy 
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sphere solution modeling M2 brane by a configuration of 
mMO system with N constituents, and the appearance of 
the Nahm equation from the 1/4 BPS equation of mMO. 
Some useful technical details are presented in the Appen- 
dices. 



II. SUPERSPACE OF D = 11 SUPERGRAVITY 

M-branes or M-theory super-p-branes are extended 
objects propagating in D = 11 supergravity superspace 
£(ii|32)_ We denote local coordinates of £( n l 32 ) by 
z m = (a-m^d) (& = 1,...,32, m = 0, 1, . . . , 9, 10), with 
bosonic x^ and fermionic 9 a , 

x"x u = x v x" , x"9 & = e & x" , e & e^ = -eh & . 

The supergravity is described by the set of supervielbein 
one forms 

E A := dZ M E M A {Z) = {E a ,E a ) , (2.1) 

including bosonic vectorial form E a (a = 0, 1, . . . , 9, 10) 
and fermionic spinorial form E a (a — 1,...,32), 
which satisfy the set of superspace constraints [1^, |4(| ■ 
The most important of these constraints determine the 
bosonic torsion 2-form of £( n l 32 ). This reads 

T a ._ DE a = _ iE a A E P T^ p , (2.2) 

where Y^p = T^ a are 11D Dirac matrices (see Appendix 
A), A denotes the exterior product of differential forms, 

E b A E a = -E a A E b , E b A E a = -E a A E b , 



E@ A E a — E a A E 13 , 

and D denotes the covariant derivative, DE a = dE a — 
E b Aw b a , where w ba = dZ M w b $(Z) = -w ab is the super- 
space 50(1,10) connection one form (11D spin connec- 
tion). 

After imposing a set of conventional constraints, the 
study of Bianchi identities (see [39|,|40| and, e.g. [!l[ and 
refs therein) fixes the form of the fermionic torsion to be 

T a :=DE a = -E a AE t a p a + -E a AE b T ba a (Z) ,(2.3) 
where 

j- a z / Z7 j^bcd a i 1 r^bcdej^ a\ /o A\ 

l aji ■— Yg I fabcdL /3 + 8 abcdefj I 

is expressed in terms of the fourth rank antisymmetric 
tensor superfield F abc( i = F^ abcd ^(Z) ('4-form flux') which 
obeys 

D [a F bcde] = . (2.5) 

This indicates that the leading component (8 — value) 
of F abc d can be identified with the field strength of the 
3-form gauge field of the 11D supergravity. 

Furthermore, the supergravity Bianchi identities also 
express the superspace Riemann tensor 2-form 



R ab := [duo - lu A uo) ab = E a A E f) ( --F abciC2 T ClC2 + —UF) abci - C5 T Cl c .) + 

+E C A E a (-iT abf} T cf3a + 2iT f >^pV) + ~£ d A E c R cd ab (Z) (2.6) 
I 



in terms of the same antisymmetric tensor superfield 
F abc d(Z), the superspace generalization of the grav- 
itino field strength T ab a (Z) ('fermionic flux' defined in 
Eq. (H3J)) and Riemann tensor superfield R ab cd = 
Rab cd (Z) = -R ba cd = -Rab dc obeying 

R[abc] d = 0- (2.7) 

To be convinced that the supervielbein and Lorentz 
connection obeying the above set of superspace con- 
straints describe just the supergravity multiplet and no 
other fields are present, one notices that the supergrav- 
ity Bianchi identities also express the fermionic covariant 
derivatives of the antisymmetric tensor superfield F abcd , 



of the fermionic flux T ab a and of the Riemann tensor su- 
perfield R c d a b (Z) through the same set of superfields. In 
particular, 

F> a F a bcd = —6T[ ab Pr cd }p a , (2.8) 
D a T ab 13 = - -R ab cd T cda 13 - 2(D[ a t b ] + i[ Q t b ]) ce /3 , (2.9) 

where t ac P is expressed through F abcd (Z) by Eq. 12.41) . 

Further study of Bianchi identities also shows that the 
superspace constraints (12. 2[) are on-shell, i.e. that the 
supergravity equations of motion appear as their conse- 
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quences. Those include Einstein equations 



R i — — - F pcic 2 c 3 

J ^ao — ^ ac l c 2 c 3 



1 

36 



rtabF ClC 



Rab-=R ac b c , r)ab=diag(+, -,...,-) (2.10) 

and the Rarita-Schwinger equations T& c ^r^ c = 0. It is 
convenient to write this latter in the equivalent form of 

T ab % a = . (2.11) 



III. SUPEREMBEDDING APPROACH TO 
SINGLE MO-BRANE AND GEOMETRY OF THE 
WORLDLINE SUPERSPACE W (p+1|16) 

A. Superembedding equation 

The standard formulation of Mp-branes deals with em- 
bedding of a purely bosonic worldvolume W p+l (world- 
line W 1 for the case of MO-brane) into the target super- 
space £( n l 32 ). The superembedding approachto M-branes 
OHH describes their dynamics in terms of embedding of 
worldvolume superspace 

yy( P +i|i6) with d = p+l bosonic 
and 16 fermionic directions into £( n l 32 ). This embed- 
ding can be described in terms of coordinate functions 
Z M (() = (x m (() ,6 & {()), which are superfields depend- 
ing on the local coordinates ( M of w( p+1 l 16 ), 

W ( P +1\W) 6 E (ii|32) . z m = z M (^) . (3.1) 

For p — these are Cf^ = (t, 77^), where are 16 
fermionic coordinates of the worldline superspace 

W (l|16) e S (ll|32) . Z M = Z M (Tj ^ j > (3 2) 

q = 1,...,16 , 



rfrf = -rfrf . 



and t is its bosonic coordinate generalizing the particle 
proper time. 

To describe a super-p-brane, the coordinate functions 
Z M [C^) have to satisfy the superembedding equation 
which states that the pull-back E a := dZ M ' (QE a M (Z) 
of the bosonic supervielbein form E a := dZ M E^^Z) to 
the worldvolume superspace has no fermionic projection. 
In the case of MO-brane this superembedding equation 
reads 

E +q a := D +q Z M E M a (Z) = , (3.3) 

where D +q is a fermionic covariant derivative of W^ 1 ! 16 ', 
q = 1, 16 is a spinor index of SO(9) and + denotes the 
'charge' (weight) with respect to the local SO(l, 1) group. 
In our notation the superscript plus index is equivalent 
to the subscript minus, and vice-versa, so that one can 
cquivalently write D +q =D~ . 

We denote the supervielbein of IT"*- 1 ' 16 ) by 



= d(™e M A (() = (e 



- ( P # 



:> + </ 



), 



(3.4) 



and the only bosonic covariant derivative of W^ 1 ' 16 -* by 



D 



# 



so that D — e A Dj± with 
D A = (D#,D +q ) . 



(3.5) 



Moving frame and spinor moving frame 
variables 



To study the consequences of the superembedding 
equation, it is convenient to introduce the auxiliary mov- 
ing frame superfields , uf , u\ which obey 







u=u al = , 



u*u a # 
u#u at = 







u*u a - 



-S ij . (3.6) 



The above constraints imply that the 11x11 matrix con- 
structed from the columns u^, u& and u\ (moving frame 
matrix) is Lorentz group valued, 



,# 



G 50(1,10) 



(3.7) 



To clarify the way these moving frame variables appear 
in the superembedding approach let us first notice that 
the superembedding equation (I3.3|) can be written in the 
form of 



E a :=dZ M (0EM a (Z(0) 



1 



(3.8) 



with some 11-vector superfield u= — u= (£). The study 
of consistency conditions shows that this vector must 
be lightlike, u^u a= = 0, which allows for its identifica- 
tion with one of the light -like components of the moving 
frame (pT7) . 

More precisely, the integrability conditions for the su- 
perembedding equation imply that 



J qp u -a 



a/3 u p 



-0 



(3.9) 



where the set of 16 spinorial superfields v q a appear as 
coefficients for the W^l 16 ) fermionic supervielbein forms 
in the expressions for the pull-backs of the target super- 
space fermionic supervielbein forms, 



E a := dZ M {QE M a (Z{Q) = e+^v q a + e* X ^v 



(3.10) 



Then one can show that, as a consequence of (|3.9p . the 
11-vector superfield is light-like and finds that it can 
be completed up the complete moving frame (|3.7p . 

In a theory with SO(l, 1) x SO(9) symmetry, the vari- 
ables v~ a obeying the constraints (|3.9p parametrize the 
celestial sphere S 9 (9 = D — 2 for D = 11; see [46j for 
D = 4, 6, 10 and [H, H3| for D = 11 superparticle cases). 
They form a 32 x 16 matrix which can be completed till 
the 32 x 32 spinor moving frame matrix 



V a — 
V (f3) ~ 



G Spin(l, 10) 



(3.11) 



(Notice that v+ a has been already used in Eq. (|3.10|) ). 
This spinor moving frame matrix is related to the mov- 
ing frame matrix (|3.7|) by the constraints expressing the 
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Lorentz invariance of the Dirac matrices, 

VT b V T = u { b a) T {a) , (3.12) 
V T f = f b u[ a) , (3.13) 

and of the charge conjugation matrix, 

VCV T = C, V T C- 1 V = C- 1 . (3.14) 

The relation Q3.9p appears as a 16 x 16 block in the split- 
ting of the 32 x 32 matrix of constraint (|3.12j) . The con- 
straint (|3.14[) allows us to express the elements of the in- 
verse spinor moving frame matrix (Va = ( v aq , v aq) S 
Spin(l, 10)) in terms of the original moving frame vari- 
ables (j3~TT|) 

v a f = ±%C a pvf p , v± a = ±iC a Pv± . (3.15) 

(In our case of D = 11 with our mostly plus notation 
the charge conjugation matrix is imaginary, hence the 
appearance of i in Eqs. (|3.15I0 . 

The moving frame and spinor moving frame variables 
are also used to construct the SO(l, 1) and SO(9) con- 
nections on the worldvolume superspace 

W(i|i6). The 

simplest way to define this connection as induced by (su- 
per)embedding is to write the 50(1,10) x 50(1,1) x 
50(9) covariant derivatives (|3.5[) of the moving frame 
and spinor moving frame variables as follows 



Du= = <fi=' , (3.16) 

Du* = u*n# 4 , (3.17) 

Dul = l - u #n=* + l -u=n*\ (3.18) 

Dv- a = -Ul=% p v+ a , (3.19) 

Dv+° = -Ul** lqp v- a . (3.20) 



Here il =l and generalize the soTTTfxSUJWj Cartan 
forms for the case of curved target superspace. 

Now the 50(1, 1) curvature, r = du)(°\ of the world- 
line superspace VV' 1 ' 16 ^ and the 50(9) curvatures of the 
normal bundle over it, Q lJ , can be defined through the 
Ricci identities specified for the moving frame variables, 

DDu* = 2duj {0} u* + R a b uf , (3.21) 
DDu= = -2dJ 0) u= + R a b u^ , (3.22) 
DDuJ = a-c;- + R a b u b l . (3.23) 

Here R a b is the pull-back of the target superspace Rie- 
mann curvature two form (|2.6[) to Wf 1 ! 16 ). Contracting 
Eq. (pT2Tl) with u= a and Eq. (pT2"51) with u ja , and denot- 
ing the moving frame projections of the Riemann curva- 
ture pull-back R a b by 

£= # : = R ab u=u* , #i := R ab tf a u b 3 , 

R=i : = R ab u=u b j , R*' ] := R ab u*u b j , (3.24) 



one finds the following generalization of the Gauss and 
Ricci equations of the Classical Surface Theory (see [l2[ 
for references) 

dw (0) = \R=* + \n= l Ail* 1 , (3.25) 
4 4 > v ; 

gij _ R ij _n=P Afi # ' J] . (3.26) 

One can also use (|3.21|) and (|3.22p to obtain, as integra- 
bility conditions of Eqs. (13.161) and (|3.17l) . the following 
generalization of the Peterson-Codazzi equations 

Dil= l = FT 1 , Dil* 1 = R #i . (3.27) 

More details on moving frame variables and their role 
in superembedding approach can be found in Appendix 
B as well as in [28| in the case of MO-brane and in 
HH EE EH ( an d in refs therein) in the general case. 

C. Equations of motion of a single MO-brane from 
superembedding approach 

The superembedding equation (|3.3I) is on-shell in the 
sense that it contains the MO-brane equations of motion 
among its consequences. We refer to [28[ for the de- 
tails on the derivation of these equations and just present 
the result. The fermionic equations of motion state the 
vanishing of the bosonic component of the pull-back of 
fermionic supervielbein of W^ 1 ' 16 - 1 , 

X #P - := E # a v ap - = , (3.28) 

so that on the mass shell Eq. (|3. 101) simplifies to 

E a := dZ M (()E M a {Z(()) = e +q v- a . (3.29) 

The bosonic equation of motion for MO-brane reads 

np := -D # u= a u a l = -D # E # a u a l = 0. (3.30) 

Together with (|3~2"9"j) , Eq. (pHOj) implies the differential 
form equation 

fi =l := -Du a= uj = (3.31) 

stating vanishing of the one- form in the r.h.s's of Eqs. 
(|3.16p and (|3.19p . Hence the dynamical equations of MO- 
brane can be formulated as the condition that the light- 
like moving frame vector and its square root (in the 
sense of Eq. (|3.9p ). the set of 16 constrained spinorial 
superfields v~ a , are covariantly constants, 

Du= = , Dv- a = . (3.32) 

D. Geometry of the the worldline superspace 
W (1|16) and of the 50(9) bundle over it 

As far as the worldline superspace W^ 16 ' whose em- 
bedding into the target eleven dimensional superspace 
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v_;(n|32) will be used to describe the motion of the multi- 
ple MO system, we will need some details on the geometry 
of W^ 1 ' 16 ) and of the normal bundle over it. 

Taking into account Eqs. Q3.28[) and (I3.30[) , one finds 
that, similarly to the case of flat superspace, the bosonic 
torsion two form of W^ 1 ' 16 - 1 is given by 

Be* = -2ie +q A e +q , (3.33) 

and that the curvature of the 50(1,1) connection on 
jp(i|ie) vanishes 

dJ a) = (3.34) 

(see Gauss equation (|3.25jl ). Nevertheless, the geometry 
induced on WW 16 ) by its embedding to £( n l 32 ) is not 
trivial because the fermionic torsion two form is nonzero, 

De + i = ~e# A e^F #ijkl % k . (3.35) 



The last term in (|3.38l) contains the projection 

f #i+q :=T ab P(Z)vp-u=ui (3.39) 

of the pull-back to W (1 ^ of the 'fermionic flux' T ab p (Z) 
(superfield generalization of the gravitino field strength, 
see Eq. fE3]|). 

Here and below, to make equations lighter, we identify 
upper and lower case SO (9) vector indices; although our 
11D metric is 'mostly minus', rj ah = diag(+, —), 
this should not produce a confusion as far as we never 
use contractions of 'internal' indices with ryy = — 5^ . We 
also conventionally replace = superscript by # subscript 
in the notation for the contractions of the tensors with 

Notice that, with the MO equations of motion written 
in the form of Eq. (|3.3ip . fl =i = 0, the Peterson-Codazzi 
equation (|3.27|) results in 

IT 1 := R ab u=u b l = . 

Calculating the pull-back of the Riemann curvature two 
form (|2.6[) to W^ 1 ! 16 ), one sees that this relation is satis- 
fied identically. 

While Sl =i = encodes the MO equations of motion, 
the second set of 50(1, 1) <g> 50(9) ® 50(1, 10) covari- 
ant one forms Vl* 1 determining the 50(1, 1) <g> 50(9) ® 
50(1, 10) covariant derivatives of uf and v^ a in Eqs. 
(|3.17[) and (I3.20j) . remains unspecified by the superem- 
bedding equations. This reflects the Kg gauge symmetry 
of the massless superparticle dynamics; in our superem- 



Here k = 1,...,9, 7 yfc = j^jij^ is the antisym- 
metric product of the nine-dimensional Dirac matrices, 
l\ P = lp q , obeying 

yV + tV = S ij L exW , i,j = 1, • . . , 9 (3.36) 

(some useful properties of these can be found in Appendix 
A). Eq. (|3.35l) expresses the fermionic torsion in terms 
of the projection 

F #ijk := F abcd (Z)u a =u b l u c iu d k (3.37) 

of the pull-back to W (1 ' 16) of the 4-form flux (4- form field 
strength superfield) F abcd (Z) of the eleven dimensional 
supergravity. This flux projection enters as well in the 
expression for the 50(9) curvature of normal bundle over 
yyWiS) determined by Ricci equation p.26[) . 



(3.38) 

I 

bedding approach Kg appears as a gauge symmetry leav- 
ing invariant and v~ a while acting on the remaining 
moving frame superfields by 

8u# = 2fc#X , Sul = 2k**u: , 6v+ a = k#%v^A0) 

With respect to Kg the one form is not covariant 
but transforms as a connection; actually it can be con- 
sidered as a part of the connection of a normal bundle 
over W (1|16) . The structure group of this normal bundle 
is nonstandard, 50(9) <S.Kg (rather than, say 50(10)) 
because the bosonic body of W^ 1 ' 16 ^ is a light-like line 
in spacetime. However, for our purposes here it is suf- 
ficient to account for the 50(9) part of the curvature 
of this normal bundle and to keep manifest only the 
50(1, 1) ®50(9) 50(1, 10) gauge symmetry, thus leav- 
ing Kg symmetry hidden. 

E. Pull-back of the fluxes to W (1|16) and 
supergravity equations of motion. 

Thus the characteristics of the geometry of W^ 1 ' 16 ', 
induced by its embedding to £( n l 32 \ and of the normal 
bundle over it, involve only definite projections (|3.37[) 
and (|3.39l) of the pull-backs to W*- 1 ' 16 -* of the covariant 
bosonic and fermionic superfields ('fluxes') of the eleven 
dimensional supergravity. Then, if some model is defined 
on W^ 1 ' 16 ), its interaction with background supergravity 
will be described by this projections of the fluxes and 
by their derivatives. This poses the problem of calcu- 
lating the worldline covariant derivatives of superfields 



R l 



,+</ 



Ae 



+p 



2i~ k 



— F# klm% 



ijklm 
qp 



ie* A e 



Iqp [i^#j']+P 
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(13.37[) and (I3.39|) which might seem to be quite involved. 
Fortunately, the properties of W*- 1 ' 16 -* simplify these cal- 
culations essentially. 

Firstly, let us observe that Eqs. ([3371) and (1335)) 
involve only u^, v~ q and u l a moving frame superficlds. 
Then, as it was mentioned above, the equations of mo- 
tion for single MO-brane (which follow from superem- 
bedding equation) can be expressed by the statement 
that Dv~ q = and Du= = 0, Eq. ([3^32]) . Further- 
more, due to the same equations which can be written 
in the form of Eq. (13.311) , the derivative of the u % a super- 
field reads Du l a — (see l|3.18|) ). It is important 
that D u l a oc u= and, hence, do not contribute in the 
derivative of an expression constructed from an antisym- 
metric tensor of 50(1, 10) contracting one of its indices 



Notice that the projection (|3.43j) of the Riemann tensor 
is symmetric as far as 

3 - 

due to Eq. (|2.7|) . R[ a bc]d = 0. Furthermore, its trace (on 
SO(9) vector indices) is expressed through the product 
of the projections (|3.37[) of the 4-form fluxes by 

R #J#J + \{F #l0k f = , (3.46) 

which is the u^u =b projection of the pull-back of the 
supergravity Einstein equation p.lOj) to W^ 1 ' 16 '. 

The contraction of the pull-back to W^ 1 ' 16 - 1 of the 
supergravity Rarita-Schwinger equations (|2.11[) with 

u a v q ~ a gives 

% p f m+P = i). (3.47) 

It should not be too surprising that the selfconsis- 
tency condition for this equation is satisfied identically 
when the consequence (|3.46|) of the supergravity Einstein 
equation (|2 . 10[) is taken into account, 7* s D +p X#i +s = 

-\5 qp + l(F #l3k ) 2 ^ = 0. 



with u\ and another with u=- The projections (|3.37[) 
and (|3.39|) of the bosonic and fermionic fluxes are just of 
this type so that the calculation of their worldline super- 
space fermionic covariant derivatives is basically reduced 
to the algebraic operation with the expressions for the 
background superspace spinorial derivatives of the corre- 
sponding superfields, Eqs. (|2.8|) and (|2.9|) . 

After some algebra using the properties of moving 
frame and spinor moving frame variables (Eqs. (|B.5j) 
and (|B.6[) in Appendix B), we find that Eq. (|2.8j) implies 

D +q F# ijk = 3ij[ij\ qp T # | fe ] p (3.41) 

and Eq. (|2.9|) results in 



(3.42) 



(3.43) 



(3.44) 



Now we have all necessary details on the geometry of 
the worldline superspace 

w (i|i6) induced by its superem- 
bedding in £( n l 32 ) and are ready to study the super- 
symmetric gauge theory on this superspace which we use 
to describe the relative notion of the constituents of the 
multiple MO-brane (mMO) system. 

IV. MULTIPLE M0 DESCRIPTION BY SU(N) 

SYM ON W (1|16) SUPERSPACE 

The superembedding approach to multiple MO-brane 
system implies, in particular, a superfield description of 
the relative motion of MO constituents. Our proposition 
is to describe the relative motion of MO constituents by 
the maximally supersymmetric SU(N) YM gauge theory 
on yyX 1 ! 16 ) whose embedding into the target 11D super- 
space is specified by the superembedding equation (|3.3[) 
|28j . To motivate such a choice, we firstly notice that, 
as far as MO-brane is dual to type IIA DO-brane [loj . it 
is natural to expect that multiple MO system is dual to 
the multiple DO-brane one. Then, the worldline super- 
space SU (N) SYM description of the relative motion in 
multiple MO-system is suggested by the superembedding 



k>k;> 



Here 

R# ij# := R dcba (Z)u d =u c ^u a = 
is the specific projection of Riemann tensor and the explicit form of the last term reads 

F #n323 3 F #k 1 k 2 k 3 ^pq i: ' 2: ' 3 ' klk2k3 = ~^f1 J pq ( F #ikik 2 F #jklk2 + ' ( F #k 1 k 2 k 3 ) 2 ^j + 

+ \llT 33F #^ F #k nj3 + ^l k q kMk5 (F #lklk2 F #k3kik5 + 6{ ki F #k2k3lj F #jlkik5] ) , 
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description of the multiple DO's j2||. The suggestion to 
describe this by a d = 1 Af = 16 SU(N) SYM model on 
the VV' 1 ' 16 ) superspace comes from the fact that at very 
low energy the gauge fixed description of the dynamics 
of the multiple Dp-brane system in flat target type II 
superspace can be provided by maximally supersymmet- 
ric (p + l)-dimensional U(N) ( = SU(N) <g> U(l)) SYM 
model, i.e. by dimensional reduction of the correspond- 
ing D = 10 SYM model with U(N) gauge symmetry [20| . 

Now we have to specify the embedding of the 'center 
of mass' (better to say, 'center of energy') superspace 
yy(i|i6) f -j-^g mu ^jpi e ]yjo system into the target super- 
space E^ 11 ! 32 ) of eleven dimensional supergravity. The 
natural proposition is to require this to be defined by 
the superembedding equation Q3.3p . The arguments in 
favor of such a choice include the universality of the su- 
perembedding equation and the difficulty one meets in an 
attempt to generalize it. Now we can also refer on that 
the approach based on the use of the center energy su- 
perspace yyt 1 ! 16 ' obeying the superembedding equation 
was checked on consistency for multiple MO system in 
flat D = 11 superspace [2g]. However, it was clear from 
the very beginning that this superembedding approach 
is able to provide a covariant generalization of the ma- 
trix model equation valid in any curved 11D supergravity 
background. In this Section we derive the explicit form 
of such equations describing the multiple MO interaction 
with the 11D supergravity fluxes. 



A. mMO center of energy motion from 
superembedding of W (1|16) into E (11|32) 

Thus the center of energy superspace of the mMO sys- 
tem is chosen to be W^ 1 ' 16 ', the counterpart of the world- 
line superspace of single MO, the embedding of which into 
the target superspace, an arbitrary 11D supergravity su- 
perspace £( n l 32 ), is restricted by the superembedding 
equation (|3.3p . As far as the superembedding equation 
specifies completely the geometry of the worldline super- 
space, all the knowledge on the torsion forms and curva- 
ture of VV' 1 ' 16 -* and normal bundle over it, Eqs. (|3.33l) 
(I3.35|) and (|3.38|) . on its extrinsic geometry Eq. (|3.31l) . 
as well as on the pull-backs of fluxes to VV^ 1 ' 16 -', Eqs. 
(13.37)) and (I3.39[) - (|3.47[) . are true for this center of en- 
ergy superspace. In particular, the pull-backs of the tar- 
get space supervielbein to W^l 16 ) obey Eqs. (|3.28p and 
(I3.30[) . which encodes the dynamical equations of motion 
for single MO-brane (equivalent to Eqs. (|3.32[l ). 

E a = e*u a =/2 , Du a = = , u a =u= = , (4.1) 
B tt = eV' Dv~ a = 0, v-T a v- = S qp u= .(4.2) 

The fact that equations of motion for the center of en- 
ergy of the multiple p-brane system have the form of 
equations for single brane looks natural, in particular 
when we are speaking about system of particles. How- 
ever, one have to stress that for the mMO system, as 



far as single MO brane is a massless 11D superparticle, 
the statement that the dynamics of the center of energy 
is governed by a single MO equations implies that the 
mMO center of energy moves on a light-like geodesic in 
the bosonic body of £( n l 32 ). This fact, expressed by the 
third equation in (|4.ip (or, equivalently, by E°^E# a = 0), 
should not look surprising if we keep in mind the image 
of, for instance, a beam of light, which moves as a whole 
in a light-like direction despite, say gravitational inter- 
action among photons. 

One may also find this property natural for a general- 
ization of Matrix model. Indeed, making a dimensional 
reduction of our mMO system to 10D, on the way similar 
to passing from single MO to single DO in [l(| by gen- 
eralized dimensional reduction, we will find a time-like 
motion of the center of mass of the 10D system, which 
would be the mDO system in a type IIA supergravity 
background. Actually such a system, but in a simpler 
background, was the final 'destination' of the DLCQ (dis- 
crete light-cone quantization) approach in [4^, EH 2 



B. Basic superfields describing relative motion of 
mMO constituents and basic constraints for them 

Thus our center of energy superspace W (1|16) is defined 
by the superembedding equation Q3.3P imposed on the co- 
ordinate functions Z M (() = (x m (() , 6 & (()). This results 
in dynamical equations which formally coincide with the 
equations of motion of a single MO-brane, which implies, 
in particular, that the center of energy motion is light- 
like. Our proposition is to describe the relative motion 
of the mMO constituents by d = 1, Af = 16 SU(N) SYM 
model on this superspace. This is formulated in terms 
of 1-form gauge potential A = e#A# + e +q A +q the field 
strength of which, 

G 2 = dA- A A A = 

= l/2e+« Ae+PG +p+q + e# Ae+iG +q# , (4.3) 

should be restricted by the set of constraints. The natural 
choice for the these constraints is 

G +q+p = i-y* p X*, (4.4) 



2 Certainly we appreciate differences between our approach and 
DLQG reasonings of 42, 43| which discusses the M-theory com- 
pactification on a light-like circle, considering this as limit of 
spacial circle of radius R s and restricting to the sector of fixed 
momentum along the circle p = N/R s which is argued to produce 
a theory of N DO branes. The most evident difference is that in 
DLCQ the number of DO-branes is defined by the integer number 
characterizing the fixed value of the momentum in the compact 
direction, p = N/R s , while in our construction the number of 
DO's in mDO system is defined by the the number of mMO con- 
stituents in the prototype 11D system and the fixed momentum 
in compact (space-like) dimension corresponds to the mass of the 
10D mDO system. 
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where j qp = 7* 9 are nine-dimensional Dirac matrices 
(EH61) and X* = -(X i ) t is a nanoplet of NxN anti- 
hermitian matrix supcrfields. The leading component of 
this, X l | 7)9= o, provides a natural candidate for the field 
describing the relative motion of the MO constituents. As 
it was stressed in [38| , it is important that this superfield 
has the 50(1, 1) wait 2, the fact which we find convenient 
to present in the form X' = X^ := X' ++ (and which can 
be seen from Eq. (|4.4[l ). 

Let us notice that the essential constraint in (|4.4I) is 
G+q+pJp^ 1 — 0, while the vanishing of the SO(9) singlet 
part of this, G +q+q = 0, is the conventional constraint 
which determines A# in terms of A+ q and its deriva- 
tives. One can also think about a more complicated set 



of constraints G +q +p = i^ l qp X l + ryg/ 5 ' Y yfe( where Y ljkl 
is constructed from X J superfields and their covariant 
fermionic (and bosonic) derivatives. For the case of flat 
target superspace this corresponds to a deformation of 
the D = 10 SYM model reduced to d = 1; such defor- 
mations do exist and were the subject of studies in 51 1 
and more recent 52j. Although the existence of their 



counterparts corresponding to the curved target super- 
space seems to be a reasonable conjecture, to our best 
knowledge no special study of that has been carried for 
today. Furthermore, even if this conjecture were proved, 



so that it were natural to expect the appearance of such 
type deformations in a multiple brane models, the study 
of such models would promise to be very complicated 
(up to not being practical, at least without use of a com- 
puter programs like the one applied in [5l[). So in this 
paper we restrict ourself by considering the model with 
the simplest constraints (|4.4|) : if the above mentioned 
deformation were found, our results based on constraint 
(14.4[) would provide at least a reasonable (handible) ap- 
proximation to such a more complete but much more 
complicated description. 

Studying Bianchi identities DG2 = one finds that the 
selfconsistency of the constraints (|4.4[) requires the ma- 
trix superfield X 1 to obey the superembedding-like equa- 
tion 12811 



D +q X l 



(4.5) 



where the anti-hermitean fermionic spinor superfield 
Vq with SO (1,1) weight 3 is related to the her- 



* 9 := 



mitean fermionic field strength in (|4.3p by ty q 

As far as the SYM model is defined on the superspace 
obeying the superembedding equation (I3.3|) . its 
geometry is characterized by Eqs. (|3.35[) , (|3. 381) and 
(|3~34|) . This implies that 



J 



{D +q ,D +p }X*=4tD#X\ 



up 



i[X i ,X.^ qp + jX^F #kxk2k3 



- - Jpq 



A--2 h; 



Jpq 
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(4.6) 



Using this anticommutation relation together with the superembedding-like equation (|4.5[) we find 



Hq D #* 1 



12 



XF : 



6 ' 



ijkl\ 

Jpq 



(4.7) 



This equation shows that the set of physical fields of the d = 1, Af = 16 SYM model defined by constraints f|4.4[) 
is exhausted by the leading component of the bosonic superfield X 1 , providing the non-Abelian, NxN matrix 
generalization of the Goldstone field describing a single MO-brane in static gauge, and by its superpartner, the leading 
component of the fermionic superfield ty q in (|4.5|) . providing the non-Abelian, NxN matrix generalization of the 
fermionic Goldstone fields describing a single MO-brane. These can be extracted from the fermionic coordinate 
functions of a single MO-brane by fixing the gauge with respect to local fermionic K-symmetry. Notice that in 
our approach no non-Abelian counterpart of the K-symmetry is needed as far as the relative motion of the mMO 
constituents is described by matrix counterpart of the physical Goldstone fields of a single brane rather then of the 
coordinate functions. 



This also explains a specific way of realizing the manifest SO(l, 10) Lorentz symmetry in our model. The physical 
fields of a single brane model are usually extracted by fixing a Lorentz non-covariant gauge (with respect to K— 
symmetry and reparametrization symmetry) and, as a result, carry the indices of a subgroup of the SO(1,10) Lorentz 
group, including SO (9) x £0(1, 1) in the MO case. Then our matrix valued fields, being a counterpart of these physical 
fields, carry the SO(9) indices and definite SO(l, 1) waits, while are inert under the £0(1, 10) Lorentz group which 
acts nontrivially on the variables describing the center of energy motion only. 
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C. Equations of motion and polarization of multiple MO by flux. 

Next stage is to study the selfconsistency condition of Eq. (I4.7p . Using the fermionic covariant derivative algebra 
we can present that in the form 

{D +q ,D +p }* r = 4iD#* r 6 qp - i[* P> X% + f# #ijfc * s {^ pl i k] + ±7% kklk2 7^ k2 ) 

= D +(q ( 7 ^#X ! + i 7 « [X*,X^] - ±X% jkl (S^ + ±7^)) p)r . (4.8) 
Then, using Eq. p. 411) and 

[D +p , D # ]X* = i[X\ * p ] + ^F #iH (y fc y) M * 9 - +? 7b ]g pX^ , (4.9) 

we find, after some algebra, that the pq-trace part of Eq. (|4.8|) results in the interacting dynamical equation for the 
16-plet of fermionic matrix (super)fields 

D # V q = -\ lqp [X* , %] + if #ij 4% r - iX*f #i+fl . (4.10) 

We have simplified the final form of the fermionic equation (14. 10)) using the consequence (I3.47[) of the supergravity 
Rarita-Schwinger equation. Using this equation one can also check that the other irreducible parts of the selfconsis- 
tency condition (I4.8[) are satisfied identically (the fact which can be considered as a nontrivial consistency check for 
our basic equations). 

As usual in supersymmetric theories, the higher components in decomposition of the superfield version of the 
fermionic equations over the Grassmann coordinates of superspace gives the bosonic equations of motion. In the case 
of our multiple MO system, using the commutation relations 

[D +p ,D^ q = -t{^ q ,%} + ^F #ijklp fD +r * q - ^ sl % 7p [ r f #i+r , (4.11) 

as well as Eqs. (|4.9p . (|3.41[) and fl3.42[) . we find the Gauss constraint 

[XSZ^X*] = 4* {*„*,} (4.12) 

and proper bosonic equation of motion 

D#D#X* = ± [X? , [X? , X ] ] + llqp {M> q , * p } + \TtfR#i #i + %F #ijk [X? , X fc ] - 2M q f #i +q . (4.13) 



Notice that the Gauss constraint comes from the trace 
(oc S qp ) part of the equation D +p D#ty q = [D +p , D#]§! q + 
D^(D +p ^ q ) written with the use of Eqs. (|4.7I) and 
(|4.10[) . The second order equations of motion (14. 10[) is 
obtained from the oc j qp irreducible part of that equa- 



tion, while the other irreducible parts (oc j qp 



j ) / ' ' 1 V I V * A I II.' 1 » \ . V A 1UVJ1UJVI*11J » •> iiV-Vii * » » V '/V/I1IA > Jl H , 1 1 \ , I - 

(|3.47[) of the supergravity Rarita-Schwinger equation is 
taken into account. This provides one more consistency 
check of our approach. 

The bosonic equation (14. 13)) has an interesting struc- 
ture, particularly in its part describing coupling to the 
generic supergravity background. The fourth term in 
the r.h.s. of this equation, F#ij k [X J , X k ] , is typical 
for 'dielectric coupling' characteristic for the Emparan- 
Myers 'dielectric brane effect' 36 1, (26[. It is essentially 



ijkl) 



OC Yq J p k an d 



are satisfied identically when the consequence 



non-Abelian as far as in the Abelian case this contribu- 
tion vanishes. This is the case also for the first and the 
second terms in the r.h.s. of (|4.13[) . which are also present 



in the case of flat background without fluxes and in Id 
dimensional reduction of 10D SYM (which is clearly not 
the case for the other three terms describing interactions 
with fluxes of 11D supergravity). 



The third term in the r.h.s. (|4.13p is linear in X J and 
thus give rise to a mass term for this su(N) valued matrix 
bosonic (super)ficld. The corresponding mass matrix is 
induced by fluxes: namely, it is expressed through the 
pull-back of the specific projection of Riemann tensor, 
R#i j# of Eq. (|3.43[) . Notice that this latter is sym- 
metric in its SO (9) vector indices (|3.45[) which is impor- 
tant because otherwise equation (|4.13[) would look non- 
Lagrangian. Notice also that, due to the consequence 
(|3.46[) of the supergravity Einstein equation, when the 
multiple MO system interacts nontrivially with the four 
form fluxes, the field X J , describing the relative motion 
of the mMO constituents, is always massive as far as the 
trace of its mass matrix is nonvanishing. 
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V. BPS EQUATIONS AND SUPERSYMMETRIC 
BOSONIC SOLUTIONS OF THE MULTIPLE MO 
EQUATIONS 

A. Supersymmetry preservation by single MO 

The presence of MO-brane breaks one- half of the space- 
time supersymmetry. This can be easily seen from Eqs. 
(I3.8[) and p.29[) describing the on-shell superembedding 
of the MO worldline superspace or of the center of energy 
superspace of mMO system, W^ 1 ' 16 - ) , into the target 11D 
superspace £( n l 32 ). Indeed, in superspace formulation 
the local supersymmetry transformations of a supergrav- 
ity model can be identified with supertranslations in the 
fermionic directions, 

e a = 5Z M E^(Z) =: i 5 E a . (5.1) 

Then Eq. Q3.29P implies that, if 32-component spinor 
parameter s a describes a supersymmetry preserved by 
some MO-brane, its pull-back e a to W*- 1 ' 16 -' is expressed 
through 16 parameters 

e +q = S( M e+%(0 =: i 5 e+« (5.2) 

of the local worldline supersymmetry, 

e a = e+% Q . (5.3) 

Thus, in a completely supersymmetric background a 
solution of MO-brane equations can preserve 16 or less 
of 32 target (super)space supersymmetries. If the super- 
gravity background preserves a part of supersymmetries, 
the situation becomes more complicated as the number 
of preserved supersymmetries may become dependent on 
details of MO-brane motion (see recent [56] for the specific 
case of strings and branes in type IIA superspace describ- 
ing 3/4 supersymmetric AdSi x CP 3 background). 

The superembedding approach allows to make some 
general statements about supersymmetry preservation by 

I 



e +p M lpq =0, 



e +p M pq = , 



Here and below we denote the leading component of su- 
perfield by the same symbol as the whole superfield, i.e., 
if treating equations in terms of superfield, we assume |o 
(:= |)jp=o) symbol, but do not write this explicitly. 



MO-brane motion in a purely bosonic background. In 
superspace such backgrounds are characterized by 

T ab a (x)=0. (5.4) 

Then the pull-back of this fermionic field strength to 
the worldvolume and its projections also vanish. Tak- 
ing into account that only the projection (13.39)) enters 
the description of the MO worldline superspace geometry 
and, through that, its dynamics, one sees that the part 
of worldline supersymmetry (part of the one half of the 
target space supersymmetry) preserved by a certain MO 
motion is characterized by parameters which obey 

e+ p (D +p f #t+q )\ Q = (5.5) 

with | := 1^=0- 

In our approach this equation also determines the 
yy(i|i6) supersymmetry (a part of the one half of the 
target space supersymmetry) preserved by the center of 
energy motion of the mMO system. But in this case this 
is not the end of story as the supersymmetry preserved 
by the center of energy motion can be either preserved or 
broken by the relative motion of the mMO constituents. 
B. Supersymmetry preservation by multiple mMO 
system 

The supersymmetry transformation 8 susy ip q (T) of the 
N x N matrix fermionic field ip q (r) := ^ q (r, 0) = ^ q \o 
can be identified as S S usyfp q (T) = e +p D q \o . Then the 
preservation of supersymmetry for bosonic solutions of 
the equations describing relative motion of mMO implies 

e+P(D +p * q )\ Q =Q . (5.6) 

Furthermore, using Eqs. (|3~4^1) . ([3Ti4]l and (|4~7|) one 
can present the system of equations (|5.5[) and (I5.6[) for 
the parameter of supersymmetry preserved by the mMO 
system in the following from 



(5.7) 
(5.8) 



C. 1/2 BPS equations for single MO— brane 



It is natural to begin with the study of 1/2 BPS equa- 
tions for the more conventional case of single MO-brane. 



M rpq := D +p f #l+q - ±7^ [R#ij# - \F# tklk2 F# jklk2 - ^5 i: > {F #klk2k3 ) 2 j + 

+ Y2^pq k2k3k4k!> {F#iklk 2 F #k3kik5 +£[/ sl ^#fc 2 fc 3 |j£#j|fc 4 fc 5 ]) , 

M pq := D +p V q = ( 7 ^#X* + | 7 « pC'.Xi] - + ^ ijkl ) pq ) ■ 

I 
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This preserves one-half of the target space supersymme- 
try if the equation (|5.7p is satisfied for arbitrary SO(9) 
spinor e +p . Hence the 1/2 BPS equations for single M0- 
brane are enclosed in the equation 

M„ = 0, (5.9) 

where A/i pq is defined in (|5.7|) . Decomposing this on the 
irreducible parts, one finds the following set of the 1/2 
BPS equations for single MO-brane 

R# ij# ~ \F #lkl F #kl3 - ±S^(F #klk2k3 ) 2 = , (5.10) 

D#F mjk = , (5.11) 

F #ij[ki F #k 2 k 3 ]j = , (5-12) 

F #j[kik 2 F#k 3 k4j = , (5.13) 
F#ilkik 2 F#k s kik 5 ] — • (5-14) 

Notice that Eq. (|5.10[) cannot be obtained from pull- 
back of the Einstein equation of supergravity, Eq. (|2.10[) , 
but its trace coincides with the consequence (|3.46[) of this 
Einstein equation. 

Eq. (|5.11[) implies that the pull-back of the four form 
flux is essentially constant (independent on the proper 



time coordinate; notice that one can fix the gauge A# — 
0). As far as the algebraic equations (|5.12l) - (|5.14p are 
concerned, they are solved by 

F #ijk = 3/Aw]w^w h K e IJK , ^ ^ (5.15) 

where e IJK — e^ IJK ^ is the Levi-Civita symbol, e 123 = 1, 
and 9x3 matrices w\ obey D#w\ = 0. 

Thus, a certain MO motion can preserve 1/2 of 32 tar- 
get spacetime supersymmetries if the projection of the 
pull-back of the target superspace flux to the MO world- 
line obeys (|5.15[) . 

D. 1/2 BPS equations for multiple MO-brane 
system 

In our approach, a certain configuration of multiple MO 
system can preserve 1/2 of the complete supersymmetry 
if the center of energy motion obeys Eq. (|5.9[) and the 
relative motion of mMO constituents preserves all the 16 
supersymmetries preserved by the center of energy mo- 
tion. Thus we have to assume that (|5.8p is obeyed for an 
arbitrary e +p so that the system of 1/2 BPS equations 
for the multiple MO system includes Eq. (|5.9p . 



Nipq = \ll q (R#ij# - \F mklk2 F# jklk2 - ^^(^feifcafea) 2 ) + %D#F#ijk (S^ j Jp^ + g7pg W ) + 

+^ q ^F #ink F #k3233 + i^fa****. [P mklk2 F #k3kik5 + Si ki F^ k2k3lj F #j \ kik5] ) = , (5.16) 

and 

M pq := f pq D # X l + i 7 £ ([X\ Xi] - ^F #ijk X k ^ + ^F #jkn % kl = . (5.17) 

I 



Furthermore, as the 1/2 BPS equations for the center 
of energy motion (|5 . 16[) f (|5.9p ) is equivalent to the set 
of equations f|5 . 10[) and (I5.15p . one can search for 1/2 
BPS solutions of multiple MO system on the basis of Eq. 
(|5.17p with the projection of the pull-back of the 4-form 
flux defined by Eq. ([545]) with D # w} = 0. 

Actually, it is instructive to make a step back and do 
not use (I5.15P from the very beginning. Decomposing 
Eq. (|5.17p on the irreducible parts, we find 

D # X l = , (5.18) 
[X 4 , X'] = p# ijk X k , (5.19) 
X [l F# jkl] = . (5.20) 

One dimensional gauge connection is always trivial, and 
so is the bosonic part e#A# of our d = 1 Af = 16 super- 



space connection A = e#A# + e +q A+ q . Hence Eq. (|5.18|) 
means that for the 1/2 BPS configuration of mMO the 
relative motion of the mMO constituents is descried by 
essentially constant N x N matrices obeying Eqs. (|5 . 19[) 
and (|5.20p . Now one notice that, as far as pull-back of 
the flux is a number while our X 1 are NxN matrices, the 
solutions of Eq. (I5.20p have a nontrivial matrix structure 
only if the flux has the form F#ij k — 3/4w}WjW k < e IJK , 
as in Eq. (|5.15l) dictated by the supersymmetry preser- 
vation by the center of energy motion. Eqs. f|5 . 10[) and 
(I5.20P with such a flux are solved by the following fuzzy 
2-sphere configuration 

X 1 = w}T 7 , [T 1 , T J ] = € IJK T K . (5.21) 

Here the triplet of N x N matrices T 1 provides NxN 
representation of the SU(2) generators. As in (|5.15p . w\ 
are 9x3 matrices (i = 1,...,9, / = 1,2,3) playing the 
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role of bridge between representations of the SO(9) and 
50(3) = SU{2) groups. 

A simple particular case of the above 1/2 BPS so- 
lution is the one with w\ = fSi, which occurs when 
the projection of the flux has only one nonvanishing 
basic component -£#123 and the relative positions of 
mMO constituents are described by the set of only 
three nonvanishing bosonic N x N matrices X* = 
(/T\/T 2 ,/T 3 , 0,0, 0,0, 0,0), 

X 1 = fS'jT 1 , [T 1 , T J ] = e IJK T K . (5.22) 
F #IJK = 3/4fe IJK , 

F#ijk = for(i,j,k) ^permutation of 123 (5.23) 



As we have already stated, the configuration (|5.22l) is 
called fuzzy two sphere 53]. Similar configuration was 
shown to solve the purely bosonic equations for 'dielec- 
tric D0-branes' following from the p = Myers action for 
a particular type IIA background [26] . In that case three 
nonvanishing N x N matrices X 7 = fT 1 define the set 
of eight u{N) valued matrices X 1 = {fT 1 , 0, 0, 0, 0, 0) de- 
scribing both the relative motion and the motion of the 
center of mass of the purely bosonic Myers DO-branes. 
The issue of supersymmetry was not addressed in (2(| 
as far as the supersymmetric generalization of the Myers 
action was not known. 

In contrast, the fuzzy sphere solution of our multiple 
M0 equations is supersymmetric by construction and can 
be considered as modeling M2— brane. Moreover, our ap- 
proach allows to see explicitly the origin of the SU(2) 
structure constant in the four form flux, Eq. (|5.23[) . and 
that this form is essentially the only nonvanishing flux 
allowed by the conditions of preservation of 1/2 of the 
target space supersymmetry. 



E. A particular class of 1/4 BPS states and Nahm 
equation 

The set of 1/4 BPS states of the mMO system is split 
on different sectors. Indeed, for this case 8 of 16 su- 
persymmetries which might be preserved by embedding 
of superspace W^ 1 ' 16 ) into l/ 11 ! 32 ) are broken and, in 
generic case, some number r of them are broken by cen- 
ter of mass motion and (8 — r) - by the relative motion 
of the M0 constituents (r < 8 in the context of our 1/4 
BPS discussion). In other words r of the 16 components 
of SO(9) spinor e p can be set to zero by Eq. (|5.7[) , corre- 
sponding to center of energy motion, and the remaining 
part - (8 — r) - by Eq. (|5.8I) . characterizing the rela- 
tive motion of mMO constituents. Here we will restrict 
ourselves by considering one specific sector, with 1/2 su- 
persymmetric center of energy 'motion' and additional 
1 /4 of supersymmetry broken by the relative motion of 
mMO constituents. 

In the assumption that the center of mass 'motion' 
obeys the 1/2 BPS condition ([53]) . the BPS states pre- 



serving 1 /4 of target space supersymmetry should obey 
V pr M rq = |(1 - 7) F M r , = . (5.24) 



where the 16 x 16 matrices M p9 is defined in Eq. ([57 
and V pq = |(1 — j) pq is the rank 8 projector, W = V, 
constructed from the matrix j pq which obeys 



7 2 = I , tr{i) := -f qq = 



(5.25) 



We are going to show now that the famous Nahm equa- 
tion [HH appears as a particular SO(3) invariant case of 
Eq. dH2U). 

Let us set = 0, consider bosonic solutions with 

only three nonvanishing N x N matrices of nine, 

X 1 = (X 1 , 0, 0) = (X 1 , X 2 , X 3 , 0, 0, 0, 0, 0, 0) , (5.26) 

6 



and identify 7 
(j5T25|) reads 



vy 



123 . Then 77' J 



JJK„,K 



7 and Eq. 



((1-7)7% [D^X I + le IJK [X J ,X K ] =0. (5.27) 



This implies the Nahm equation 54 j 
D#X T + l -e IJK [X J ,X K ] =0 



(5.28) 



The literal coincidence with the original form of Nahm 
equation appears when we fix the gauge A# = and set 
to zero the normal bundle connection, so that D^X 1 = 
X 1 := 

Or 

Thus the famous Nahm equation which has a fuzzy- 
sphere-related fuzzy funnel solution appears as a partic- 
ular case of SO(3) symmetric 1/4 BPS equation for our 
multiple M0 system in the background with vanishing 4- 
form flux. Hence, surprisingly enough, the origin of the 
Levi-Civita symbol e 1 JK in the Nahm equation for mMO 
system is not the 11D supergravity flux, as one might ex- 
pect, but rather the requirement of 50(3) symmetry of 
the particular 1/4 BPS configurations described by three 
nonvanishing components of X 1 . 



VI. CONCLUSION AND DISCUSSION 

In this paper we have obtained equations of motion for 
the systems of multiple MO-branes (multiple M-waves or 
mMO-system) in an arbitrary supergravity background. 
These equations are derived in the frame of superembed- 
ding approach, defining Id SYM connection restricted 
by the set of constraints on the Id J\f = 16 superspace 
W^ 1 ' 16 ) the embedding of which in the generic 11D super- 
gravity superspace X^ 11 ' 32 ) is determined by the superem- 
bedding equation. The same superembedding equation 
defines the embedding of the worldvolume superspace of 
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a single MO-brane, which is the massless 11D superpar- 
ticle, and encodes its equations of motion which imply 
that the MO worldline is light-like. In the case of mMO 
the superembedding equations for the superspace VV^ 1 ' 16 ^ 
results in the equations describing the center of energy 
motion of mMO system, which is also characterized by a 
light-like geodesic. 

The equations for the relative motion of mMO con- 
stituents follow from the constraints imposed on the field 
strength of the SYM connection. These, together with 
the center of energy equations of motion, provide a gen- 
eralization of the Matrix model [37| for an arbitrary su- 
pergravity background. Notice that Matrix model have 
been known before only for a very few particular back- 
grounds, including the maximally supersymmetric pp- 
wave background - Hence the natural application 
of the present approach is to use our general equations 
to obtain Matrix model in physically interesting back- 
grounds. In particular the equations for Matrix model in 
AdSi x S 7 and AdS7 x S 4 backgrounds can be straight- 
forwardly obtained in this manner. 

This will be the subject of our subsequent study which 
will also include the derivation of our mMO equations 
in supersymmetric pp-wave background and compari- 
son of the result with the BMN (Berenstein-Maldacena- 
Nastase) matrix model (57} • In this respect we should 
mention that there exist some conjectures [58| that the 
BMN model actually provides the description of the 
M(atrix) theory in an arbitrary background. The only 
comment we would like to make in this respect in the 
present paper is that, even if such a conjecture were 
proved to be correct, it would be a nontrivial problem 
to extract the information on a certain system in definite 
non-pp-wave background from it 3 so that, in our view, 
it would be certainly useful anyway to have an explicit 
form of the M(atrix) model in an arbitrary supergravity 
background. 

We should also notice that all the terms with back- 
ground contributions to the r./i.s.'s of our mMO equa- 
tions are linear in fluxes which is in disagreement with ex- 
pectations based on the study of the Myers- type actions 
p6l |35| . Although the Myers action is purely bosonic and 
resisted all the attempts of its straightforward supersym- 
metric and Lorentz covariant generalization eleven years 
(except for the cases of lower dimensional and lower co- 
dimensional Dp-branes [22]), taking into account a par- 
ticular progress in this direction reached recently in the 
frame of the boundary fermion approach |23j and also ev- 
idences from the string amplitude calculations, we should 
not exclude the possibility that the above mentioned dis- 



3 In particular, as argued in |59| . even the AdS X S background 
is completely determined by the two orthogonal Penrose limits: 
"Having only one limit does not determine the whole spacetime. 
Thus, the two orthogonal Penrose limits form a sort of classical 
holographic boundary for the background with D - 2 commuting 
Killing directions." [59l|. 



crepancy implies that our approach gives only an approx- 
imate description of the Matrix model interaction with 
supergravity fluxes. 

If this is the case, a way to search for a more gen- 
eral interaction lays through modification of the basic 
equations of our superembedding approach, namely the 
superembedding equation, defining the embedding of the 
mMO center of energy superspace lAX 1 ' 16 ) into the target 
D = 11 supergravity superspace £( n l 32 ), and the basic 
constraints of the d — 1, J\f = 16 SYM model on the cen- 
ter of energy superspace. (Notice that the possible mod- 
ification of the basic superembedding-type equations in 
the boundary fermion approach was suggested recently in 
[29l | ) . The problem of the deformation of the basic con- 
straint determining the equations for the relative motion 
of mMO constituents is the curved superspace generaliza- 
tion of the studies in [29|,[5l|,[52j]. However, unfortunately, 
if we allow consistent deformations of the basic equations 
of our superembedding approach, although most proba- 
bly these exist, they would certainly make the equations 
very complicated up to being unpractical. 

Interestingly enough, if we do not deform the superem- 
bedding equation, but allow for a deformation of the 
d = 1, Af = 16 SU(N) SYM constraints on the cen- 
ter of mass superspace (see [H, HU), the situation seems 
to be much more under control due to the rigid struc- 
ture of the mMO equations 38]. In this case the center 
of mass motion and supersymmetry of the corresponding 
superspace is influenced only by the projections (|3.39|) of 
the supergravity fluxes, so that it is reasonable to assume 
that only these fluxes can enter the equations of relative 
motion of the mMO constituents. Then, the requirement 
of SO(l,l) xSO(9) symmetry leaves very few possibilities 
to add the new terms to the ones alre ady present in the 
r./i.s.'s of the equations (|4U0)) - (|4T3)) [38]. In particular, 
the only possible nonlinear contribution to the r.h.s. of 
the bosonic equations (|4.13|) is X J F#jkiF#iki describing 
the contribution proportional to the second power of the 
4-form flux to the mass matrix of the sw,(iV)-valued fields 
X J . 4 To resume, we cannot exclude the possibility that 
our approach gives only an approximate description of 
the Matrix model interaction with supergravity fluxes, 
but if so, it is Lorentz covariant, supersymmetric and 
going beyond the U(N) SYM approximation. 

We also used superembedding approach to obtain BPS 
equations for supersymmetric solutions of these mMO 
equations. As an example we have shown that the 1/2 
BPS equations in the presence of 4-form flux have the 
fuzzy sphere solution modeling M2-brane by a 1/2 su- 
persymmetric configuration of multiple MO. We also 
found that the Nahm equation [Hij appears as a par- 
ticular SO(3) invariant case of the 1/4 BPS equations in 



4 One might also propose the term X* F^.j k iF^.j k i = X 1 (i^yj,;) 2 , 
but this reduces to X' iJ^j #j due to the consequence l|3.46|l of 
the supergravity Einstein equation 1 12.101 1. 
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the absence of the four form flux. 

The further study of our mMO BPS equations and 
search for new solutions of their equations of motion is 
an interesting problem for future study. A particularly 
intriguing problem is to search for a description (better 
to say, modeling) of the M5 brane and/or M2-M5 system 
in this framework. The popular candidate for the de- 
scription of this latter is the Basu-Harvey equation [55| 

£> # X J = e 5/./^i X 5 X J X if X L , 1 = 1, 4 . 

We have not succeed in deducing this equation from the 
BPS conditions for supersymmetric solution of our mMO 
equations, so that this remains an interesting open prob- 
lem for future study. 

Probably the description of higher branes requires to 
pass from one dimensional Matrix model to its higher 
dimensional counterparts, beginning from Matrix string 
[60| (see [6l| for arguments in favor of this). In this re- 
spect it is interesting to check a possibility to extend our 



superembedding approach, as it is developed for mMO 
and mDO, for the case of higher p multiple p-brane sys- 
tems beginning from type IIB multiple D-strings or mul- 
tiple (p, g)-strings. This will be the subject of our future 
study. 
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Appendix A: 11D and 9d Gamma matrices 

A convenient SO(l,l) <8> SO(9) invariant representations for the eleven dimensional gamma matrices and charge 
conjugation matrix read 

(r°)/= (±(r# + r=),r\±(r#-r=)) , a = o,i,...,9,io , i = i,...,9, 

Cr*)./ = (° , CTV - (J i5pq 2) ■ CTV - (> 4) , (A-D 

C afj = -Cp a = i5 ^j = (C- 1 )^ =: C# . (A.2) 

These are imaginary as far as we use the mostly minus metric convention so that the flat spacetime metric reads 
r/ a h = diag (l, -I, . . . , -1). 

In (|A.1|) 7* ? are 16 x 16 d=9 Dirac matrices. These are symmetric 7 £ 9 = 7 * p , and possesses the following properties 

7 ( l y' = ^ J 7i6xl6 , Ipq = l\p ■= l\pq) , %qll) s = 6 (pq$r)s ■ (A.3) 

The d=9 charge conjugation matrix is also symmetric, which allows to chose its representation by Kronecker delta 
symbol S qp and do not distinguish upper and lower Spin(9) (SO(9) spinor) indices. Notice that the matrices 7*^ and 
7 *-j, fc are antisymmetric so that the complete basis for the set of 16 x 16 symmetric matrices is provided by 5 pq , -f pq , 

Ipq 1 

S r(qS p)s = ^S pq S rs + ^qris + J^jT^T^ ■ (A.4) 

In our conventions 7gp 3456789 = S qp and, consequently, 



7 £r* = -i^-^ 7 ^ , (A.5) 
1 

47' 



Iqp - 7T C Iqp ■ \ A - b ) 



This, together with (jA.ll) implies that our 11D dirac matrices obey 



r o r i _ _ _ r 9 r (io) = I r # r = r i . , . r s = -u 32x32 . (A.7) 
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Appendix B: Some properties of moving frame and spinor moving frame variables associated to the 
massless superparticle. 

Here we collect some useful equations describing properties of moving frame and spinor moving frame variables 

(EZD, (GUI. 

Moving frame variables appropriate to the description of massless D dimensional (super)particle were also called 
light-cone harmonics in [44j and Lorentz harmonics in [45] . They are defined as columns of the D x D Lorentz group 
matrix of which obey the constraints 

' Ui]U T = r] ^5\ = \u*u b = + \u=u h * - ulu M 



U ( b a) = (u^,u*,4) € SO(l,D- 1) o { 



u=u a = = , u*u a * = , (B.l) 

U T rjU = r] ^{u=u a # = 2, u=u al = , u* u al = , 
,//"•' = ,)■■' 

b = 0, 1, . . . , (D - 2), (D - 1) , (a) = (#,=, 1, (D - 2)) . 



The spinor moving frame variables or spinorial harmonics (see [45j-[50|) are constrained spinors forming two rect- 
angular blocks of the Spin(l, D — 1) valued matrix corresponding to (the 'square root' of) the D dimensional moving 
frame matrix (|B.1I) . Their definition is D- and p- dependent, i.e. different not only for different D but also for different 
p-branes. The harmonics appropriate to the description of massless D = 11 (super)particle are collected in Spin(l, 10) 
valued matrix (|3.11l) obeying Eqs. (|3.12j) - (|3.14[) . Its inverse matrix [5(J 

V<P = {v a - ,«„+) e Spin(l.lO) (B.2) 

obeys 



"q "up ~ " ) ^ap "qp 



and 



|y T CF = c ) FC- 1 F r = c- 1 , (6) ( ' j 

The square root type relation between spinor moving frame an moving frame variables encoded in the constraints 
(|B.4a ) can be split further into 





— ^a/3 U b 


(a), 




— U b Sgp 


(d) , 






— 1 al3 u b 


(b), 


v+f b v+ 


= U^Sgp 


(e) , 






= r 


(c), 


Vgf b V+ 


= u b l l\ p 


(/) • 


(B.5) 



The equations in (|B.4k ). expressing the Lorentz invariance of the charge conjugation matrix C, allow to construct 
(explicitly) the elements of the inverse spinor moving frame matrix, as in (|3.15l) , 

* = ±iC a ^ , v± a = ±iC"f ) v£- . (B.6) 



In the massless superparticle model the set of 16 spinors v~ p in (|B.2j) can be identified with the homogeneous 
coordinates of the celestial S 9 sphere given by the 5*0(1, 10) Lorentz group coset |46L l48l. IHol] 

r - 5pw(l,10) = 9 , . 

iVap * [5ptn(l, 1) ® Spin(9)] <zK 9 [ ' ' 

In the dynamical system of the massless (super)particle these describe the angles defining the direction of the light-like 
momentum so that one can consider v~ p 's as carriers of all the momentum degrees of freedom but energy. The set 
of others 16 spinors, u +, can be gauged away (but, of course, not set to zero) by the K9 transformations (|3.40p . so 
that, in principle, one can work with the set of constrained spinors v~ p only. However, it is often convenient to use 
the complete spinor moving frame and keep only the 50(9) (£> 50(1, 1) symmetry as an equivalence relation on the set 
°f v aq ' s an d v aq ~ 's which satisfy the set of constraints in (|B.2[) . Then these constrained spinorial variables become 
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homogeneous coordinates of the non-compact SO(l, 10)/[5O(9) x 50(1, 1)] coset, while K9 can be considered as a 
non-manifest ('hidden') symmetry. 

The 5*0(1, 10) covariant derivatives (d+w) of the harmonic variables which do not break the kinematical constraints 
(jB.ip . (|B.2|) (admissible derivatives) are expressed by 

(d + w)u= := du= + w a b u^ = -2u=n w + , (B.8) 

(d + w)u* = +2u*fl^ + ulfl* 1 , (B.9) 

(d + w)uj = ^n** + l u #n=* - vP a sv* , (b.io) 

through the covariant 1-forms 

/ o i(fi# 4 + f7= 4 ) 2Q(°) \ 

n («)(6) ~u< a ){d+w)u^ = -nww = |_i(fi#* + n=<) n« -A(f7# 4 -f7 =j ) (b.h) 

\ -2fi(°) ±(ft# l -ft= l ) / 

which generalize the 50(1, 10)/[5O(l, 1) ® 50(9)] Cartan forms for the case of local 50(1, 10) symmetry (see [50l|). 

As reflected by the constraints in (|B.2j) . the spinor Lorentz harmonics V (|B.2[1 give the spinor representation of 
the Lorentz group element the vector representation of which is given by the moving frame vectors (|B.1[) . Then their 
admissible covariant derivatives (i.e. derivatives preserving the constraints (|B.2[) ) are expressed through the same 
generalized Cartan forms 

%( d + w ) y f ^^'^WC'W G*pin(l,10), 0WW : =rW(d + W )[/if) £ SO (1,10), (B.12) 
This implies 

(d + w)v- = -Q^v- - \^v~ lp { + ifi=%< , (B.13) 
(d + w)v+ = fi<%+ - ~0««+ 7 « + \n**f qp v~ (B.14) 

for the elements of the Spin(l,10) valued matrix (|B.2I) . 

Since the Cartan forms flW and f2 lJ ' transform as connections under local 50(1, 1) and 50(9) transformations, 
respectively, we can use them to define 50(1, 10) ® 50(1, 1) €3 50(9) covariant exterior derivatives (covariant differ- 
entials) of the moving frame variables. Unsing such a covariant differential we can write Eqs. (|B.8|) . (|B.9|) . (|B.13|) and 
(|B.14|) in the form of 

Du= := (d + w)u= + 2u=^ (0) = u l a n= l , Du# := (d + w)u* - 2u*fl^ = u^Q* 1 , (B.15) 
Dui := (d + w)ui + vifl?' = \u*n^ + ±u=n*< , (B.16) 

Dv- := (d + w)v- + Q<®v- + \^v pl % = |fi=%«+ , (B.17) 
Dv+ := (d + w)v+ - nWw+ + l^v+YA = ^*%V~ . (B.18) 

To simplify notation in (|B.17|) and (|B.18|) we have omitted the spinorial indices; than it is not excessive to notice that 
in these equations we have presented the covariant derivatives of the element of inverse spinor moving frame matrix 
(IB.2|) carrying lower Spin(l, 10) index, while the covariant derivatives of the initial spinor moving frame variables 
p. lip , with upper Spinil, 10) index, read 

Dv-« := dv~<* + n^v- a + lWv-<*y% = -±Qr i v+ a ij )q , (B.19) 
Dv+ a := dv+ a - n^v+ a + \^v+ a 1 l p \ = -\tt* l v- a lpq . (B.20) 

Also the following algebraic equations were useful in our calculations 

(«-r.) Q = u=«+* - u\ lqp v~v , (v+T a ) a = v*v^ - <7>+ p , (B.21) 
(f a v-«T = u=v+ a + < 7 >r , (f a v + T = u*v- a + Kf qpV ; a , (B.22) 

K~ r abUp -) = 2ti^« 1 l]7 * p . (B.23) 
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Appendix C: Some other technical details 

In calculating the SO (9) curvature (f3T38)) from flU]) it is useful to notice that *F# ijkl ...k4 = \^ kl - kdMa F^i M3 . 
Here and below the 5*0(1, 1) and 50(9) indices are obtained by contraction with the moving frame variables u^, u l a , 
v~ a , Eqs. (pLl) and (pTTTj) . 

Useful relations for the projections of the pull-back of the tensor-spin-tensor (|2.4j) to W 1 - 1 ' 16 ^ are 

(v-t) a = ±F #ijk ~/g k v+ a , {tv-) a = -^F #ijk v a + 7 » k , (C.l) 
(VqPv-) = ~F mkl (V^ + i 7 ;f ) . (C.2) 
The explicit form of the tensor-spin-tensor in the last term of Eq. (|3.42[) is 

JjiiJlJaJa -,k 1 k 2 k 3 ._ _1_ ^yjijsja f gi[ki^k 2 k 3 ] _j_ l^ik 1 k 2 k 3 ^ _|_ 3 ^i[ki^k 2 k 3 ] _|_ l^i/cites*^ ^,Ji3233_|_ 

+ (jl,2,3 O fcl,2, 3 )) • (C.3) 

It obeys 

y;* > J1J2J3 , fei^afca — f) yijij2j 3 -k\k 2 k 3 jk _ n yi,jij 2 j 3 ,k!k 2 k 3 i _ _ 8 rb'l rj2 ri'3] 

^pp — U ' ^<3P 7pq — u 1 ^ 9 p 7p 9 — 3% %% ' 

vi,iij2j3 ,k t k 2 k 3 3 £ (qS^S? 3 tf^tf + S ij S^ jl S j2 S J3 ^ (C4) 

n qv 'pq ~ 27 \ J0 °[k 2 °k 3 °kt] + k^°k 2 k 3 ) ■ v^-^i 
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